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The author proved in [3] that every translation-invariant linear form on 
Q(R”), as well as on other spaces of test functions and distributions, is necessarily 
continuous. The same result has also been proved for the HiIbert space L’(G) 
where G is a compact connected Abelian group. In contrast to this it is proved 
here that there do exist discontinuous translation-invariant linear forms on 
the Banach spaces I,(Z) and L’(R), and on the Hilbert spaces LB(D) and Lz(R). 
Here 2 denotes the additive group of the integers, D denotes the totally dis- 
connected compact Abelian Cantor discontinuum group, and R denotes the 
additive group of the real numbers. The proofs divide into two parts: A general 
criterion (Theorem 1) and proofs that the spaces &(Z), La(D), L*(R), and L*(R) 
satisfy this criterion (Theorems 2, 3, 4, and 5, respectively). 
1. INTRODUCTION 
The Haar integral on a locally compact group G is usually 
developed from an “elementary integral” I: Z(G) -+ C which is first 
proved to exist on the space Z(G) of all continuous functions with 
compact supports in G. Such an “elementary integral” I is usually 
characterized on X(G) as a positive, translation-invariant linear form 
on X(G). Furthermore, it is well known that such a functional on 
Z(G) is easily shown to be continuous with respect to the usual 
LF-topological vector space structure on X(G), an inductive limit of 
Frechet spaces. Indeed, it is proved in [7] that if @: B(R”) --+ C is 
a positive linear form on the space 52J(Rn) of all C” functions with 
compact supports in R A, then Q, is continuous, not only with respect 
to the LF-topology of B(R”), but even with respect to the coarser 
topology induced on B(R”) by X(R"). On the other hand, every 
continuous linear form @ on Z(G) is rather easily shown to be a sum 
of the form (p+ - p-) + i(v+ - V-) where II+, p-, Y+, and V- are each 
positive linear forms on 3?(G). If, in addition to being continuous 
and linear, @ is also translation-invariant on X(G), then Cp is easily 
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proved to be a (complex) constant multiple of the “elementary” 
Haar integral I: X(G) -+ C. 
In contrast to this relatively simple situation for positive linear 
forms, the author proved in [3] ( see also [2]) by rather more difficult 
methods that every translation-invariant linear form @ on P(R”) is 
also necessarily continuous; indeed, is simply a constant multiple of 
Lebesgue integration: 
@(VP) = c . j- v(t) dt for all q~ in g(R”). 
Rfi 
The analogous result has also been proved in [3] for the spaces 
Y(R”), b(R”), Y(R”), Y’(R”), &‘(Rn), F(P), and a’(P); and 
proved in [4] for the spaces L,(G) and A(G), as well as for a one- 
parameter family of spaces of pseudomeasures, for compact connected 
Abelian groups G. 
The question arises whether or not there can exist a discontinuous 
translation-invariant linear form on some translation-invariant LF- 
function space E = E(G) on a group G. We show in this paper that 
there do exist discontinuous translation-invariant linear forms on the 
Banach spaces ll(Z) and L1(R) and on the Hilbert spaces L2(D) and 
L2(R). Here Z denotes the additive group of the integers, D denotes 
the totally disconnected compact Abelian Cantor discontinuum group, 
and R denotes the additive group of the real numbers. The proof 
divides into two parts: A general criterion (Theorem 1) and proofs 
that the spaces Ii(Z), L2(D), L*(R), and L1(R) satisfy this criterion 
(Theorems 2, 3, 4 and 5). Our argument for Zi(Z) does not apply 
to the spaces Z,(Z) for p > 1. However, Serold [6] has proved by 
different methods that each of these latter spaces also satisfies the 
general criterion given here. Consequently, there exist discontinuous 
translation-invariant linear forms on each of these spaces as well. 
2. A GENERAL CRITERION 
Let E = E(G) denote a (right) translation-invariant function space 
on a group G, and suppose that E is equipped with a topological 
vector space structure. Let d = d[E] denote the subspace of E which 
is generated by all finite differences of the form d,p, = 4) - v* where 
v E E and 01 E G. Here we take 7,~ = va to mean the right translate of F 
by 01: q&(t) = v(to~-l), or in additive notation, v,(t) = cp(t - a). We 
state and prove Theorem 1 only for the case of right translations 
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because the left and two-sided versions are obvious variations. 
Anyway, in this paper we apply Theorem 1 only to the Abelian 
groups 2, D, and R. Let M denote an arbitrary linear subspace of E, 
and let @ denote an arbitrary linear functional on E with null space 
J(G). We use the term “hyperplane” to mean a maximal proper 
subspace of E. The following facts are well known [S] and will be 
used without explicit reference in the proof of Theorem 1 and 
elsewhere in this paper: 
(1) Every proper subspace of E is contained in a hyperplane; 
(2) A subspace M is a hyperplane iff it has codimension one; 
(3) If M is a hyperplane, then M is either closed or dense in E; 
(4) There exists a linear functional @ + 0 with J’(Q) = 111 
iff M is a hyperplane; 
(5) @ is continuous iff A’(@) is closed; 
(6) @ is discontinuous iff J+‘(Q) is dense, Sp & 0; 
(7) If J-(@,) = JV(Q&), th en there exists a constant c so that 
cP1 = c . o2 ; 
(8) @ is (right) translation-invariant iff A[E] C X(Q). 
We now state and prove our general criterion for the existence of 
discontinuous translation-invariant linear forms. 
THEOREM 1. If A is not closed, then there exist discontinuous 
translation-invariant linear forms on E. 
Proof. First suppose that d = E. Then since A + E there exists 
a hyperplane &’ containing A. Since A C ~2’ C d = E, ~4’ is dense in 
E. Thus every linear form on E with JZ! for null space is a discon- 
tinuous translation-invariant linear form on E. 
Next suppose d # E. Let ~6’ be a hyperplane containing 6. Let 
H be a Hamel basis for A. Choose u in ii - A and choose v in 
E - JV. Then H u {a} is a linearly independent subset of JV and 
can therefore be extended to a Hamel basis H’ for JV. We define &? 
to be the linear subspace generated by the linearly independent set 
(H’ N {u}) u {v}. Since (H’ - {u}) u {v} contains H, it follows that 
J&Y contains A. Also &? # Jr since u belongs to JV but not to .&‘. 
Furthermore, J&! @ [u] contains Jr but is not equal to it (because 
v $ JV) and so the maximality of M in E implies that &’ @ [u] = E. 
That is, d has codimension one in E and hence &? is a hyperplane. 
Finally we show that J+’ is dense in E. Since u E d and A C A, it 
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follows that u E ,d. Therefore, ,z I,.&’ @ [u] = E. Thus \ve have 
shown that J&Z is a dense hyperplane containing d. It follows that 
every linear form on E which has ~8’ for its null space (many such 
exist, but any two are proportional) is a discontinuous translation- 
invariant linear form on E. Note that M depends on the choices 
of u and V, and consequently JZ is far from unique. This completes 
the proof of Theorem 1. 
If ii is a hyperplane, then there exists a nonzero continuous linear 
form I on E having d for its null space, and hence I is translation- 
invariant. If @ is any other continuous translation-invariant linear form 
on E, then its null space ..N(@) is a closed subspace containing d. 
Hence ii C y+‘(@) and it follows (since d is maximal in E) that either 
J’“(Q) = E or J+~(@) = 6. In either case, @ is a constant multiple 
of I. 
Similarly, if d itself is a hyperplane, then there exists a unique 
(up to constant multiples) nonzero translation-invariant linear form 
on E(G) and it is continuous if and only if d is closed. 
Finally, if d = E, then the zero functional is the only translation- 
invariant linear form on E, and it is, of course, continuous. 
Realizations of the above possibilities are provided by the spaces 
considered in [l-4]. When E is any one of the spaces g(R”), Y(R”), 
a’(=% &‘(T”), b’(T”), b(T”), or A(P), it was proved in [3] or [4] 
that d is a closed hyperplane. On the other hand, when E is any 
one of the spaces LY(R”), Y”(R”), b(R”), or Z(C) [the space of 
entire functions on the additive group C of complex numbers] it 
happens that d = E. In the case of the spaces LY(R”), Y’(R’“), and 
&(R”) this was proved in [3], while the case E = X(C) was treated 
by Claude Guichard in [l]. In fact, Guichard proved that every 
entire functionf(z) can be written in the formf(z) = g(z + 1) - g(z) 
where g(x) is another entire function. That this can even be done 
with g(z) having the same order asf(z) is proved in [9]. In the next 
section we prove that when E(G) = Zr(Z), d is a hyperplane and 
A f if. 
It is evidently also possible that d is neither a hyperplane nor 
equal to E. This happens, for example, when E(G) = B(G), the 
space of all bounded functions on an Abelian group G, because 
Granirer has proved that there exist more than one continuous 
invariant mean on B(G). The distinct null spaces of these distinct 
continuous invariant means must all contain d so that d itself must 
have codimension greater than one. Furthermore, Serold [6] has 
shown for B(Z) that A # d. 
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3. THE SPACE &(Z) 
We denote by ll(Z) th e complex Banach space consisting of all 
complex-valued functions f defined on the additive group of integers 
(denoted Z) such that the norm of f, j/f Ij = Eke= If(k)], is finite. 
This space is obviously translation-invariant with 11 fol 11 = 11 f 11. The 
linear functional 2Yz Zl(Z) -+ C defined by zl(f) = &=f(h), is ob- 
viously both translation-invariant and continuous with I LC(f )I < II f II. 
Hence its null space is a closed hyperplane and contains d. For 
g: Z -+ C we define (dg)(K) = g(K) - g(K - 1) for all k in Z. We 
denote by .X(Z) the vector space of all functions g: Z + C which 
have finite support. 
LEMMA 1. If f E X(Z), if Z(f) = 0, and ifF(h) = C&f(h - j) 
for all h E Z, then FE X(Z) and AF = f. 
Proof, If supp f C [--K, K], then clearly F(h) = 0 whenever 
k < --K, while Z(f) = 0 implies that F(h) = 0 whenever K > K. 
A simple calculation shows that rlF = f. 
COROLLARY. The only translation-invariant linear forms on .X(Z) 
are the constant multiples of 2. 
LEMMA 2. The subspace A of &(Z) is dense in N(z), the null 
space in Zl(Z) of the functional LC: Zl(Z) -+ C. 
Proof. Choose f in Ii(Z) such that z(f) = 0. Let s, = ClklGK f (k) 
and define fK(h) = f (k) - s,/(2K + 1) for 1 k 1 < K and define 
fK(h) = 0 for I k I > K. Then [If - fK II = s, + Clkl,K 1 f (h)I. Since 
z(f) = 0 it follows that lim,,, I s, I = 0. Hence lim,,, 11 f - fK (I = 0. 
But since each fK has finite support and satisfies z(fK) = 0, it follows 
from Lemma 1 that fK = AF, , where as before F,(h) SG x7=0 fK(k - j). 
Since each FK belongs to X(Z), and a fortiori to Zr(Z), we have proved 
that d is dense in M(z) as claimed. 
COROLLARE-. Every continuous translation-invariant linear form on 
ll(Z) is a constant multiple of 2’. 
Proof. Follows from Lemma 2 and the remark about d following 
the proof of Theorem 1. 
In the proof of Theorem 2 we use the “Fourier transform” 3 of a 
function f in Z,(Z) defined by 
f(x) = C f(k) e--lnikz for all real x. (1) 
eez 
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We denote by A( I’) the vector space of all these absolutely convergent 
Fourier series. 
THEOREM 2. There exist discontinuous translation-invariant linear 
forms on l,(Z). 
Proof. First notice that since d,u = O-,(-U,) and since for u > 1 
a-1 Cl-1 
u(k) - u(k - a) = c [u(k - j) - u(k -; - l)] = d 1 uj , 
j=O j=U 
it follows that d = {Au: u E ll(Z)}. Thus if f E d, then f = Au for 
some u E Zr(Z). Taking Fourier transforms of both sides off = Au, 
we obtain 
j(x) = a(x) . (1 - e-g,,+). 
Consequentlyf(0) = 0 and we have 
because the function G(X) is continuous. Thus we have proved that 
if f E d[Z,(Z)], then j( x is differentiable at x == 0. However, there ) 
exist absolutely convergent Fourier series (1) such that both Z(f) = 
P(O) = 0 and 3C x is not differentiable at x = 0. For example, if ) 
f(x) ~3 I( x 11 = h d’ t t e is ante from x to the nearest integer, then 
f(*y) s (I .y 11 = t + C’ cos22hF l e-2mik”. 
kEZ 
Clearly, this j(x) belongs to A(T) [i.e., f belongs to Z,(Z)], p(O) = 0, 
and 3(x) is not differentiable at x = 0. It follows that d f N(z). 
But by Lemma 2, d = J(z). Therefore the criterion of Theorem 1 
is satisfied, so that there exist discontinuous translation-invariant 
linear forms on Zr(Z) as claimed. 
4. THE SPACES L2(D), ,52(R) AND Ll(R) 
First we consider the Hilbert space L2(D). We denote by D = (Z,)O 
the complete direct sum of denumerably many copies of the compact 
Abelian (additive) group Z, = (0, l} of integers modulo 2. This group 
D is a totally disconnected compact metrizable Abelian group (called 
the “Cantor discontinuum group” because it is homeomorphic to 
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the Cantor-Ternary set). Its dual D is the weak direct product, 
denoted (Z.Jao, of denumerably many copies of the group .& (dual 
of 2,) [5]. In this paper we represent the group Za (isomorphic to 2,) 
by the multiplicative group {+ 1, - I}. Then the action of an element 
5 of 2, on Z, (as a homomorphism of Z, into the circle group 
T = {eie: 0 < B < 2~)) can be conveniently written as a power of 
+l as follows. 
t(u) = (on = & 1, for a E Z, = (0, l}. 
If a = (a(l), a(2), u(3),...) is an element of D and if 4 = (fl, 5s ,..., 
& , 1, I, I,...) is an element of D, then the action of f (as a homo- 
morphism of D into the circle group T) can be written as a (finite) 
product of powers of If1 as follows. 
g@) = ff’l’ . ,f,2, . . . py = fl. 
The group B = (Za)- is a denumerable discrete Abelian (multi- 
plicative) group with identity element 1 = (1, 1, I,...). 
THEOREM 3. There exist discontinuous translation-invariant linear 
forms on L2(D). 
Proof. Let JV denote the null space in L2(D) of the Haar integral 
on D. Then JV = {f~L~(D):f(l) = 01, where 
3(0 = s, 04 i%, ds, .$EB. 
Since the “trigonometric polynomials” 
PC9 = $ 4~&% .QIj, XED, 
are dense in L2(D) [5, p. 241, it follows that for each f in Jt’” and 
for each E > 0 we can choose a trigonometric polynomial p(x), also 
in ~1” (i.e., with zero “constant term”), such that (1 f - p 11 < E. But 
each trigonometric polynomial p(x) 
to d[L2(D)] 
with zero constant term belongs 
b ecause we can write 
PCx) = fl l”dx) - ‘Ax - ai)l* 
where 
Uj(X) = Aj[l - [j(CZj)]-l (j(X), 1 ,cj<n, 
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where a, ,..., a, are chosen in D so that Ej(aj) 7 1, 1 < j < n. Such a 
choice of the Uj’s is of course possible because none of the characters 
t 5, 1 ,***> is identically 1, because p has zero constant term. Con- 
sequently, A’ is equal to the closure (in L2(D)) of O[L*(D)]. Since 
D is denumerable, there exist (many) functions 4 in I,(D) such that 
3(l) = 0 but also such that 3(.$) + 0 for all other elements f of Ij. 
Let f be the corresponding function in L"(D) of such a function p in 
I,(@. Then clearly f belongs to d[L*(D)] = A’. Suppose that such 
an f also belongs to A. Then there would be elements a, ,..., n,,, in D 
and functions ur ,..., u,,~ in L"(D) such that 
f(x) = f [2$(.x) - Uj(X - Uj)] 
j=l 
for almost all x in D. Consequently, we would also have (by taking 
Fourier transforms of both sides of the last equation) 
A9 = f q$)[l - E(aj)] 
j=l 
for all 8 in D. Now since each aj , 1 < j < m, is an infinite sequence 
of zeros and ones, there exists an infinite sequence (VP))& of positive 
integers such that the components ur($‘) have the same (0 or 1) 
value for all k = 1, 2, 3 ,... . Similarly, there exists a subsequence 
(vy)gl of ( vk k r such that a2(vfc2’) have the same (0 or 1) value (l))co 
forallk = 1,2, 3 ,... . Continuing in this manner, we see that there are 
m infinite sequences (vfcj))km,r , 1 < j < m, with (v~+‘))~~~ a sub- 
sequence of (v~‘)& for each j = 1, 2,..., m - 1, and such that for 
each j = I,..., m, the components +(vfE”) have the same (0 or 1) 
value for all k = 1, 2,... . Now if [ is any element of ij with the 
property that a finite even number of its components with indices 
from the sequence (~jln))km_~ are - 1 (E .&) and all the rest of its 
components are +l (E z2), then we have <(al) = t(a,) = -*. == 
&am) = 1 E T. But then, for such elements 5‘ in 25 (and clearly many 
such exist) Eq. (2) would yield 3(c) = 0, contrary to our assumption 
that f(t) # 0 whenever 4 f 1. Thus d[L2(D)] is not closed and it 
follows from Theorem 1 that there must exist discontinuous transla- 
tion-invariant linear forms on L2(D). 
The statement of the following lemma is not new and it has an 
elementary proof, but the proof we give is new. 
LEMMA 3. d[L2(R)] = L*(R). 
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Proof. Let 9(R) denote (as usual) the dense subspace of L2(R) 
consisting of all C” functions on R with compact supports. Let qn 
be any sequence in 9(R) such that JR q,(t) dt = 1 for all n >, 1 and 
(Such sequences are easily constructed, e.g., by smoothing the 
functions equal to 1/2n for 1 t 1 < n and equal to zero elsewhere.) 
Now let f be any member of L2(R), let E, be any sequence of positive 
real numbers tending to zero, and let g, be any sequence in 9(R) 
such that 11 f - g, 11 < l ,/2. Let Y, denote the value of the integral 
JR g,(t) dt for n > 1, and choose a subsequence, denoted $, of the 
sequence qn such that 1 Y, j * I/#, 11 < l ,/2 for all 11 > 1. (This is 
clearly possible because 11 qn 11 + 0.) Then for each n > 1 the function 
h, = g, - r,#, has the following three properties: 
6) h, E W), 
(ii) JR h,(t) dt = 0, 
(iii) Ilf - h, II G Ilf - g, II + I rn I * II 4, II < l n - 
But it was proved in [3, Theorem 21 that functions with properties 
(i) and (ii) belong to A[g(R)]. C onsequently, by property (iii), f 
belongs to the LQlosure of the set d[@R)] C d[L2(R)] CL2(R). 
This completes the proof of Lemma 3. 
COROLLARY. There are no nontrivial, continuous, translation- 
invariant linear forms on L2(R). 
Proof. If @ is a continuous translation-invariant linear form on 
L2(R), then its (closed) null space must contain A[L2(R)] and hence 
also d = L2(R). 
LEMMA 4. If f belongs to d[L2(R)], then 
s +m If(s),‘s I2 ds < co, -cc 
where f denotes (as usual) the Fourier transform off: 
580/12/z-6 
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Proof. Suppose that 
f(t) = ~ [uj(f) - Zcj(f - Uj)] a.c. 
j=l 
for some functions 2~~ ,..., u,, in L’(R) and for some nonzero real 
numbers a, ,..., am . Then we must also have 
f(s) = f a,(~)(1 - e--fniajJ) 
j=l 
a.e. 
Consequently, 
If( < (il I G,(s)12)(~l I 1- e-2niajs II) a.e. 
Now since 1 1 - e-2rrir 1 < 2~ 11 x jl < 25~ 1 x 1, we have 
X 1 1 - e--?niajs 12 < 47Tv F / aj 12. 
j=l 
Therefore, 
jrn [lf(s)j2/s2] ds < [4n2 f 1 aj /*) 5 jm I $(s)l* ds < CO, 
-m 1-l j-1 --g 
which proves Lemma 4. 
THEOREM 4. There exist discontinuous translation-invariant linear 
forms on L*(R). 
Proof. Clearly there are many functions in P(R) which do not 
satisfy condition (3) of L emma 4. Therefore, by Lemmas 3 and 4, 
d[L*(R)] is not closed. Theorem 4 now follows from Theorem 1. 
The result for Lr(R) ,h h w ic corresponds to Lemma 3 is that a[Ll(R)] 
is equal to {f E Ll(R): JRf(t) dt = O}. This also is not new since it 
is just the statement that, up to a multiplicative constant, the Lebesgue 
integral is the only continuous translation-invariant linear form on 
Ll(R). However, we can also give this fact a new short proof, based on 
the result of [3] that d[s(R)] = {$ E 9(R): JR 4(t) dt = 01, as 
follows. Let L>(R) = {g ELI(R): g has compact support). Let 
X[IIJ = {f E E: JRf(t) dt = 0). Given f E ,V[I!,~] and E > 0, choose 
a > 0 so large that J7”, If(t)\ dt < ~/3, JT” 1 f (t)j dt < e/3, and 
TRANSLATION-INVARIANT LINEAR FORMS 209 
1 J?,f(t) dt 1 < e/3. Let 6 = J?J(t) dt and define g(t) = f(t) - (6/2a) 
for 1 t 1 < a and g(t) = 0 for 1 t 1 > a. Then g E M[L,1] and 
Ilf -g Ill = j-a If(t)1 dt + j+" lf(t>l dt + j' I Wa I dt < E. --m n -a 
Thus every f in Jlr[Ll] can be approximated in L1-norm by functions 
g in Jlr[L,l]. Next, let v be any element of O(R) satisfying 
i y(t)dt = 1, v b 0, 
suppp,={t~R:ItI <l}, 
R 
and define ~)~(t) = E+J(~/E). Th en, as is well known, for every g in 
L>(R) the function $E = g * vE belongs to 9(R) and 
But JE = 6 * GE , so that z&O) = JR #.(t) dt = 0, whenever g(0) = 
j-&t) dt = 0. c onsequently, every f in J’[L1(R)] can be approxi- 
mated in L1-norm by functions & in 
X[g(R)] = Q@(R)] C d[Ll(R)] C X[Ll(R)]. 
That is, ii[g(R)] = a[L’(R)] = ,V[L’(R)]. 
Also, an argument similar to the proof of Lemma 4 shows that if 
f NWW, then IfC )/ I s s is majorized by a continuous function and 
consequently 
1 s f -l 1 (s)/s I2 ds < co. (4) 
Since there are functions f in JV[L~(R)] which do not satisfy 
condition (4), for example, 
f(t) = jR j(s) eznist ds, 
where 3(‘<s) = (+/2e-s for s 3 0 and 3(s) = 0 for s < 0, it follows 
that d[Ll(R)] is not closed. An appeal to Theorem 1 now establishes 
the following theorem: 
THEOREM 5. There exist discontinuous translation-irwariant linear 
forms on Ll(R). 
MEISTERS 
5. SONE OPEN QUESTIONS 
Let G denote the additive group R (of the real numbers) or the 
circle group T, and let X(G) denote the space of all continuous 
functions on G with compact supports. 
Question. Given a translation-invariant linear form @: X(G) -+ C, 
does there exist a complex constant c such that Q(f) = c * JGf(t) dt 
for all f in X(G) ? In other words, is every translation-invariant 
linear functional @ on T(G) necessarily continuous ? 
None of the results obtained thus far in [Ia, 61 or the present 
paper seem to yield answers to these questions. A major difficulty 
in these cases is, of course, that we do not have at our disposal a 
convenient characterization of the Fourier transforms of the functions 
in X(G). Nevertheless, this author conjectures that the answer to 
these questions is “yes.” 
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